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We study the behavior of positive radial solutions to
&div(A( |{u| ) {u)=f (u)
near an isolated singularity at x=0. We give an a priori estimate of the order of
such singularity without imposing any growth restriction on A or f, and classify the
solutions under an asymptotic Serrin type condition for strongly nonhomogeneous
(possibly unbounded) functions A. We also prove the existence of such solutions.
 1998 Academic Press
1. INTRODUCTION
The purpose of this paper is to study the asymptotic behavior of positive
radial solutions in a neighborhood 0* :=Br0(0)"[0]/R
N, N>1, of zero
for the strongly nonlinear equation
&div(A( |{u| ) {u)=f (u). (D)
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Let us set ,(s)=sA(s). We will assume throughout this paper that , is
an odd increasing homeomorphism of R onto R and that f # C(R+, R+),
where R+=(0, +). Radial solutions to (D) satisfy
&(rN&1,(u$))$=rN&1f (u), r # (0, r0), r0>0, N>1, (P)
where r=|x|, x # 0*, and $ denotes ddr. By a solution to (P) we mean a
function u # C 1(0, r0) and such that ,(u$) # C 1(0, r0) which satisfies the
equation in (P).
Problem (D) is a generalization of the class of homogeneous equations
containing the p-Laplacian operator
&div( |{u| p&2 {u)=f (u), p>1, (DH)
The behavior of positive solutions to problem (DH) when p=2 has been
investigated in several papers, see [A1, A2, GS, L, Ni, NSa, and NS2]
among others.
The study of positive radial solutions to (DH) when p>1 and the func-
tion f is a power, i.e., for the problem
&(rN&1 |u$| p&2 u$)$=rN&1u$, r # (0, r0), r0>0 (PH)
has been done in [NS2] and [GV], where a complete analysis of the
behavior of the solutions near r=0 is given.
In fact it follows from [GV] that the number N( p&1)(N&p), Serrin’s
exponent, marks the borderline for the behavior of singular solutions near
zero, beyond this number and up to $(N( p&1)+ p)(N& p), Sobolev’s
exponent, there are singular solutions but of a different singular behavior
near zero. Furthermore solutions to the Dirichlet problem associated to
(P) do not exist if $(N( p&1)+ p)(N& p).
In particular from [GV] we have that if $<(N( p&1)(N& p) then
positive solutions to (PH) can be either regular solutions or behave like the
fundamental solution of the p-Laplacian operator. The understanding of
the behavior of positive radial solutions below a possible equivalent to a
Serrin’s number, leading in this form to a classification of those solutions
for the more general situation posed by problem (D), has been one of the
motivations for this paper. In this sense our Theorem 3.1 is closer in spirit
to some of the results in [GV]. Another point which was motivating for
us was the feeling that such a classification result should only depend on
the asymptotic properties at infinity of the functions , and f.
Certainly the nonhomogeneous character of the function , posed serious
difficulties for this study. In particular, changes of variables like in [GV]
seem not possible at present and thus our methods are totally different.
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In dealing with general operators as the one involved in problem (D), a
natural source of inspiration when imposing growth restrictions on , is the
setting of Orlicz spaces. Being , an odd increasing homeomorphism of R
onto R its primitive 8(x) :=x0 ,(t) dt is an N-function (see [Ad] for a
definition of an N-function) to which we can associate an Orlicz space. Our
main results in Section 2 hold with no further assumptions on ,. For some
other results in the paper we shall need
1<lim inf
x  +
x,(x)
8(x)
(1.1)
andor
0<lim inf
x  +
log(,(x))
log x
<+, (1.2)
see Theorem 3.1. It is interesting to point out here that we do not need to
impose a restriction of the form
lim sup
x  +
x,(x)
8(x)
<+. (1.3)
Again in the sense of the theory of Orlicz spaces and thinking 8 as an
N-function, we have that condition (1.3) implies that 8 satisfies a 22 condi-
tion near infinity while condition (1.1) implies that the conjugate 8* of 8
defined by 8*(x) :=x0 ,
&1(t) dt, satisfies a 22 condition near infinity. As it
is well known, these last two conditions together give a necessary and suf-
ficient condition for the Orlicz space defined by 8 to be a reflexive and
separable Banach space, see [Ad].
Finally, we observe that if , satisfies both conditions (1.1) and (1.3),
then condition (1.2) is satisfied but not conversely, as it is shown by means
of the last example in Section 5. Indeed, (1.2) can be shown to be equiv-
alent to
0<sup {\>0<lim infx  +
,(x)
x \
>0=<+,
and thus (1.2) says that ,(x) is not only greater than a positive power of
x near infinity, but also that there is a ‘‘best’’ of such powers.
The plan of this paper is as follows. In Section 2 we state and prove some
general classification results for positive solutions to problem (P) without
imposing any growth restrictions on the odd increasing homeomorphism ,.
We discuss the nature of positive radial solutions to (D) and present a
result concerning a priori estimates for their possible behavior near an
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isolated singularity. In Section 3 we state and prove our classification result
for radial positive solutions to problem (D) under an asymptotic Serrin
type condition. Next in Section 4 we prove existence of positive radial solu-
tions to the Dirichlet problem associated to (D) having the singular
behavior described in our classification theorems. We point out that exist-
ence of positive regular radial solutions to problem (D) under conditions
(1.1) and (1.3) has been proved in [GMS]. Finally in Section 5 we give
some examples to illustrate our results.
2. A PRIORI ESTIMATES FOR POSITIVE SINGULAR SOLUTIONS
We begin this section by considering positive solutions of the equation
&(rN&1,(u$))$=0, r # (0, R), R>0. (2.1)
Positive solutions of this equation have the form
u(r)=A+|
R
r
,&1(Ct1&N) dt, (2.2)
where A0 and C>0 are constants. Since we are interested in solutions
having an isolated singularity at the origin, we will assume that
lim
r  0+ |
R
r
,&1(Ct1&N) dt=+ for all C>0. (A)
Singular solutions of the form (2.2) will be called fundamental solutions of
(2.1).
Let us set
hC (r) :=|
R
r
,&1(Ct1&N) dt, 0<rR. (2.3)
By making the change of variable s1&N=Ct1&N in (2.3) it can be easily
verified that for C<1 we have
hC (r)C 1(N&1)h1(C 1(1&N)r), r # (0, C 1(N&1)R), (2.4)
which will be used later in the paper.
When studying the behavior of a positive solution u to (P) we observe
that rN&1,(u$(r)) is non increasing, and thus
lim
r  0+
rN&1,(u$(r))=:>&.
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We claim that :0. Indeed, assume that there exists r
*
>0 such that
rN&1,(u$(r))>c>0 for r # (0, r
*
). Then,
u$(r),&1(cr1&N) for all r # (0 .r
*
)
and thus
u(r
*
)u(r
*
)&u(r)|
r
*
r
,&1(ct1&N) dt,
a contradiction to (A). Hence, :0 as we claimed. We conclude then
that u$(r)0 for all r sufficiently small and either
lim
r  0+
rN&1,( |u$(r)| )=|:|>0, (2.5)
or
lim
r  0+
rN&1,( |u$(r)| )=0. (2.6)
We also note that if condition (A) is not satisfied, then all possible
positive solutions to (P) are bounded near zero. Indeed, suppose that there
exists C1>0 such that
lim
t  0+
hC1(t)=M<+.
Since we can assume that limr  0+ rN&1,(u$(r))=&|:|0 (for otherwise
u$ is positive near zero and thus u is bounded), there exists r
*
>0 suf-
ficiently small such that for all r # (0, r
*
)
u(r)u(r
*
)+|
r
*
r
,&1(( |:|+1) s1&N) ds
u(r
*
)+\ |:|+1C1 +
1(N&1)
hC1 \\ C1|:|+1+
1(N&1)
r+ (2.7)
and thus,
lim sup
r  0+
u(r)u(r
*
)+\ |:|+1C1 +
1(N&1)
M
proving our claim.
We have then the following result.
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Theorem 2.1. Let , be an odd increasing homeomorphism of R onto R
satisfying (A) and let u be a positive solution to
&(rN&1,(u$))$0 (2.8)
defined in some right neighborhood of zero. Then either
(i) there exists a constant C>0 such that lim infr  0+ u(r)hC (r)>0,
or
(ii) limr  0+ u(r)hC (r)=0 for all C>0.
Moreover, if , satisfies the assumption
lim inf
x  +
x,(x)
8(x)
:=1>1, (2.9)
then (i) can be improved to
lim
r  0+
u(r)
hC (r)
=1 for some C>0. (2.10)
Proof. To prove our first assertion it suffices to show that if
lim inf
r  0+
u(r)
hC (r)
=0 for all C>0, (2.11)
then (ii) holds. Hence, assume that (2.11) holds and that there exists C0>0
such that
lim sup
r  0+
u(r)
hC0(r)
>\>0.
Clearly, we may assume \<1 and C0<1. We will show next that there
exists r*>0 such that
\hC0(s)h(C0 \N2N&1)(s) for all s # (0, r*) (2.12)
and thus
lim sup
r  0+
u(r)
h(C0 \N2N&1) (r)
>1. (2.13)
Indeed, by (2.4) and using that h1 is decreasing it follows that
\hC0(s)(C0 \
N)1(N&1) h1((C0 \N)&1(N&1) s)
28 GARCI A-HUIDOBRO, MANA SEVICH, AND YARUR
File: DISTL2 339007 . By:AK . Date:08:04:98 . Time:08:30 LOP8M. V8.B. Page 01:01
Codes: 2401 Signs: 962 . Length: 45 pic 0 pts, 190 mm
for all r # (0, R). Also, making the change of variable t1&N=
(C0 \N2N&1) {1&N we have
(C0 \N)1(N&1) |
R
(C0 \
N )&1(N&1) s
,&1(t1&N) dt
=2 |
R
s2
,&1 \C0 \
N
2N&1
{1&N+ d{&2|
R
(C0 \
N2N&1)1(N&1) R
,&1 \C0 \
N
2N&1
{1&N+ d{,
and thus, for r*=r*(\, C0) small enough to have
2 |
R
(C0 \
N2N&1)1(N&1)R
,&1\C0 \
N
2N&1
{1&N+ d{
|
R
s
,&1\C0 \
N
2N&1
{1&N+ d{ for all s # (0, r*),
(2.12) and (2.13) follow. Then, by the generalized L’Ho^pital’s rule it follows
that
lim sup
r  0+
|u$(r)|
,&1 \C0 \
N
2N&1
r1&N+
>1,
and thus there exists a sequence [rn], rn  0 as n tends to infinity, such
that
lim
n  
|u$(rn)|
,&1 \C0 \
N
2N&1
r1&Nn +
>1.
But then for n sufficiently large we have
rN&1n ,( |u$(rn)| )
=rN&1n , \
|u$(rn)|
,&1 \C0 \
N
2N&1
r1&Nn +
,&1 \C0 \
N
2N&1
r1&Nn ++C0 \N2N&1 >0,
and hence, by the monotonicity of rN&1,( |u$(r)| ) we conclude that (2.5)
holds for some |:|>0. Thus |u$(r)|,&1( |:| r1&N) for all r sufficiently
small and by the generalized L’Ho^pital’s rule we conclude that
lim inf
r  0+
u(r)
h |:|(r)
>0,
a contradiction.
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We prove next our second assertion, i.e., that (2.10) holds. Assume then
that (i) holds and that , satisfies (2.9). Then arguing as above and using
that rN&1,( |u$| ) is increasing we conclude that (2.5) must hold and thus,
,&1( |:| r1&N)<&u$(r)<,&1(( |:|+=) r1&N)
for rr
*
. Thus, by integrating over (r, r
*
) we have that
1
u(r)&u(r*)
|
r
*
r
,&1(|:| s1&N) ds

|
r
*
r
,&1(( |:|+=) s1&N) ds
|
r
*
r
,&1( |:| s1&N) ds
. (2.14)
Setting
Q(r, =) :=
|
r
*
r
,&1(( |:|+=) s1&N) ds
|
r
*
r
,&1( |:| s1&N) ds
and making the change of variables ( |:|+=) s1&N=t, ( |:| s1&N=t) we
have
Q(r, =)=\ |:|+=|:| +
1(N&1) |
( |:|+=) r1&N
( |:|+=) r
*
1&N
,&1(t)
tN(N&1)
ds
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds
,
and thus we find that
Q(r, =)
=\ |:|+=|:| +
1(N&1) _|
|:| r
*
1&N
( |:|+=) r
*
1&N
,&1(t)
tN(N&1)
ds
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds
+1+
|
( |:|+=) r1&N
|:| r1&N
,&1(t)
tN(N&1)
ds
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds & ,
which yields
lim sup
r  0+
Q(r, =)
\ |:|+=|:| +
1(N&1) _1+lim supr  0+ |
( |:|+=) r1&N
|:| r1&N
,&1(t)
tN(N&1)
ds
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds & . (2.15)
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We estimate next the quantity
|
( |:|+=) r1&N
|:| r1&N
,&1(t)
tN(N&1)
ds
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds
.
Since t&N(N&1) is decreasing we have that
|
( |:|+=) r1&N
|:| r1&N
,&1(t)
tN(N&1)
ds
rN
|:|N(N&1) |
( |:|+=) r1&N
|:| r1&N
,&1(t) dt
=
rN(8*(( |:|+=) r1&N)&8*(|:| r1&N))
|:|N(N&1)
and
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds
rN
|:|N(N&1) |
|:| r1&N
|:| r
*
1&N
,&1(t) dt
=
rN(8*( |:| r1&N)&8*(|:| r
*
1&N))
|:|N(N&1)
,
and thus
|
( |:|+=) r1&N
|:| r1&N
,&1(t)
tN(N&1)
ds
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds

8*((|:|+=) r1&N)
8*(|:| r1&N)
&1
1&
8*(|:| r
*
1&N)
8*( |:| r1&N)
. (2.16)
Since , satisfies (2.9), by using the well-known identity (which comes from
Young’s inequality, see [Ad, p. 230])
t,(t)=8*(,(t))+8(t), t0,
and setting t=,&1(x) we conclude that
lim sup
x  +
x,&1(x)
8*(x)
=
1
1&1
:=1*<+ (2.17)
and thus, given +>0 there exists x0=x0(+)>0 such that
,&1(x)
8*(x)

1*++
x
(2.18)
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for all xx0. Let _>1 be fixed. Integrating this inequality over (x, _x), xx0
we obtain that
8*(_x)
8*(x)
_1*++ for all xx0 . (2.19)
Hence, using now (2.19) with _=(|:|+=)|:|, in (2.16) we conclude that
lim sup
r  0+
|
( |:|+=) r1&N
|:| r1&N
,&1(t)
tN(N&1)
ds
|
|:| r1&N
|:| r
*
1&N
,&1(t)
tN(N&1)
ds
\1+ =|:|+
1*++
&1
for all =>0 and thus (2.10) follows by letting =  0 in (2.15) and (2.14). K
Definition 2.1. We will say that a positive solution to (P) defined on a
right neighborhood of zero (0, r0), r0>0 is singular if
lim sup
r  0+
u(r)=+.
Also, we will say that a singular solution to (P) is of fundamental type if it
satisfies (i) of theorem 2.1. Finally, if u can be extended to [0, r0) in a C 1 way
with u$(0)=0, we will say that u is a regular solution.
We will show next that if u is a positive singular solution to (P) satisfying
either (2.5) or (2.6), then the order of the singularity can be a priori estimated.
In fact we have
Theorem 2.2. Let , be an odd increasing homeomorphism of R onto R and
let f # C(R+, R+) be ultimately increasing. Then, if u is a positive singular solu-
tion to (P) there exist r 0>0 and K0>0 such that
8&1( F (u(r)))
u(r)
K0r&1 for all r # (0, r 0), (2.20)
where 8&1 denotes the right inverse of 8 and F (x)=x0 f (t) dt.
Proof. From the monotonicity of rN&1,( |u$(r)| ), we have that for all sr
sufficiently small,
|u$(r)|,&1(sN&1,(|u$(s)|) r1&N),
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and thus, integrating this inequality from r=s to r=r0 we obtain that
u(s)|
r0
s
,&1(sN&1,( |u$(s)| ) r1&N) dr. (2.21)
Making the change of variable t=sN&1,( |u$(s)| ) r1&N in (2.21), we find that
u(s)
s(,( |u$(s)| ))1(N&1)
N&1 |
,( |u$(s)| )
sN&1,( |u$(s)| ) r0
1&N
,&1(t)
tN(N&1)
dt
and hence
u(s)
1
N&1
s
,( |u$(s)| ) |
,( |u$(s)| )
sN&1,( |u$(s)| ) r0
1&N
,&1(t) dt
=
1
N&1
s
,( |u$(s)| )
[8*(,( |u$(s)| ))&8*((sr0)N&1 ,( |u$(s)| ))].
Using now the convexity of 8* we conclude that
u(s)
1
N&1
s8*(,( |u$(s)| ))
,( |u$(s)| )
(1&(sr0)N&1).
Hence, there exists a positive constant C such that
u(s)C
s8*(,( |u$(s)| ))
,( |u$(s)| )
(2.22)
for all sr02. Using now that 8*(x)(x2) ,&1(x2) for all x0, we obtain
,( |u$(s)| )2, \2K1 u(s)s + (2.23)
for some positive constant K1 . Also, integrating the equation in (P) and using
the monotonicity of u and f it follows that
sN&1,( |u$(s)| )
sN
N
f (u(s)) (2.24)
and hence, by (2.23) we find that
sf (u(s))2N, \2K1 u(s)s + ,
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and thus
u(s) f (u(s))K2
u(s)
s
, \K2 u(s)s +
for some positive constant K2 . Finally, using that x,(x)8(2x) for all x0
and xf (x)F (x) for all x sufficiently large, we find that
F (u(s))8 \2K2 u(s)s +
and (2.20) follows. K
Remark 2.2. Clearly, the estimate found in (2.20) is useless if we do not
impose that the quotient 8&1(F (u(r)))u(r) be unbounded as u tends to infinity.
It is interesting that the condition
lim
x  +
8&1(x)
F&1(x)
=+ (2.25)
is used in the theory of N-functions to define the concept 8 increases essentially
more slowly than F near infinity, see [Ad].
As it can be easily verified, a sufficient condition to obtain an explicit estimate
for u from (2.20) is that
lim sup
x  +
x,(x)
8(x)
:=#<2 :=lim inf
x  +
xf (x)
F (x)
.
Indeed, in this case the function H(x) :=8&1(F (x))x is ultimately increasing
and thus we obtain
u(r)H&1(Kr&1) for all r sufficientcly small. (2.26)
We note that in the case that ,(x)=|x| p&2 x, p>1, and f (x)=x$, condition
(2.25) is satisfied for $+1>p and in this case (2.26) reads
u(r)K0r& p($+1& p).
Thus we recover the well-known estimate for the homogeneous case.
Another interesting example that illustrates our result is that of the odd
extension of ,(x)=log(x+1), x0, and f (x)=ex. In this case #=1 and
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2=+ and thus H is ultimately increasing. Although there is no elementary
expression for the function 8&1, it can be easily verified that (2.20) implies that
u(r)K |log (r)|
for some positive constant K.
Remark 2.3. We remark that estimates (2.20) and (2.22) can be used to
obtain nonexistence of positive singular solutions to the Dirichlet problem
associated to (P). Indeed, the following corollary follows easily by making
energy considerations in the same spirit of [NS2] and [PS].
Corollary 2.1. Let , be an odd increasing homeomorphism of R onto R
and let f # C(R+, R+) be an ultimately increasing function satisfying
0<sup
x0
NF (x)
xf (x)
< inf
x0
N8(x)
x,(x)
&1. (2.27)
Then, the problem
{&(r
N&1,(u$))$=rN&1f (u), r # (0,R),
u(R)=0,
(D0)
does not possess any positive solution.
Proof. Let us assume condition (2.27) and the existence of a positive solu-
tion u of (D0). Let us multiply the equation in (D0) by ru$(r)+bu(r), where
b=sup
x0
NF (x)
xf (x)
.
Then, we obtain that
d
dr
[rN(8*(,(u$(r)))+F (u(r)))+brN&1u(r) ,(u$(r))]
=rN&1[(b+1) ,(u$(r)) u$(r)&N8(u$(r))]
+rN&1[NF (u(r))&bf (u(r)) u(r)]0,
and thus, by setting
E(r) :=rN[8*(,(u$(r)))+F (u(r))]+brN&1u(r) ,(u$(r))
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we conclude that
lim inf
r  0+
E(r)E(R)=8*(,(u$(R))>0.
We will show now that condition (2.27) also implies that limr  0+ E(r)=0,
which is a contradiction. Indeed, this is clear if u is a bounded solution, and thus
we may assume that u is singular. By setting
a := inf
x0
N8(x)
x,(x)
,
one can easily show that there exist positive constants C1 , C2 , C3 , and C4 such
that
,(x)C1x(Na)&1, 8&1(x)C2xaN, F (x)C3xNb (2.28)
for all xx0 and thus
8&1(F (x))
x
C4x(ab)&1 for all xx0. (2.29)
Hence, using (2.29) in (2.20), we obtain
u(r)Kr&b(a&b) (2.30)
for all r sufficiently small. Now, using (2.22), (2.23), and (2.24), we see that in
order to know the behavior of E(r) near zero, it suffices to study the behavior
of
rN&1u(r) , \u(r)r +
near zero. Using now the first in (2.28) and (2.30), we find that there exists a
positive constant K such that for all r sufficiently small
rN&1u(r) , \u(r)r +KrN((a&b&1)(a&b))
and the claimed contradiction follows from the assumption that b<a&1.
K
We observe that in the case that ,(x)=|x| p&2 x, p>1, and f (x)=x$, condi-
tion (2.27) reads
$>
N( p&1)+p
N&p
.
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Remark 2.4. Note that if in Theorem 2.2 , additionally satisfies condition
(1.1), then from (2.22) it is not difficult to show the existence of positive con-
stants K1 and r1 such that
r|u$(r)|K1u(r) for all r # (0, r1).
3. CLASSIFICATION OF POSITIVE SOLUTIONS
The purpose of this section is to give conditions on , and f under which
positive solutions to (P) are either regular or of the fundamental type. In view
of Theorem 2.1, this is equivalent to finding conditions under which whenever
(ii) of that theorem is satisfied, u is a regular solution.
In order to do this, we will first show that a necessary condition for problem
(P) to admit a positive singular solution of the fundamental type near zero is
that
|
R
0
sN&1f (h:(s)) ds<+ for some :>0. (3.1)
Indeed, we have the following proposition.
Proposition 3.1. Let , be an odd increasing homeomorphism of R onto R
satisfying (A), and let f # C(R+, R+) be an ultimately increasing function. If
|
0
rN&1f (h:(r)) dr= for all :>0,
then there do not exist positive singular solutions to (P) which are of fundamental
type near zero.
Proof. Assume on the contrary that (P) has a positive singular solution u
satisfying u(s)\hC (s), \>0, for s # (0, r0), r0>0. The same reasoning used in
the proof of Theorem 2.1 yields that u(s)h(C\N2N&1) (s) for s sufficiently small,
say s # (0, r0*), and thus, integrating the equation in (P) over (r, r0*), we obtain
that
rN&1,(u$(r))&r0*N&1,(u$(r0*))|
r0*
r
sN&1f (h(C\N2N&1)(s)) ds
and thus
lim
r  0+
rN&1,(u$(r))=+,
implying that u is increasing near zero and thus bounded, a contradiction.
K
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Remark 3.1. We note that in the case that ,(x)=|x| p&2 x and f (x)=x$,
condition (3.1) reads
$<
N( p&1)
N&p
, Serrin’s number.
Taking into account the necessity of condition (3.1) just established, we next
state and prove our main result concerning the behavior of positive solutions
to (P) near zero under some suitable conditions on , and f that generalize the
power situation and ensure that (3.1) is satisfied. To this end, let , satisfy (A)
and set
p&1 :=lim inf
x  +
log(,(x))
log(x)
.
Then, 1p+. We will show now that p<+, and even more, pN.
Indeed, assume on the contrary that p>N. Then, there exists +0>0 and x0=
x0(+0)>0 such that
log(,(x))
log(x)
N++0
for all xx0 , and thus for any fixed positive constant C we have
,&1(Cs1&N)C 1(N++0)s(1&N)(N++0)
for all ss0 :=C 1(N&1)(,(x0))&1(N&1). Hence, if rs0 we have
hC (r)=|
R
r
,&1(Cs1&N) ds
C 1(N++0) |
s0
r
s(1&N)(N++0) ds+|
R
s0
,&1(Cs1&N) ds

C 1(N++0)(N++0)
1++0
s(1++0)(N++0)0 +|
R
s0
,&1(Cs1&N) ds,
contradicting the assumption (A). Thus, p is finite and pN. Finally, we
observe that if , satisfies (1.1), then p>1.
We are now ready to state our main classification result.
Theorem 3.1. Let , be an odd increasing homeomorphism of R onto R
satisfying (A) and that there exists p>1 such that
0<p&1 :=lim inf
x  +
log(,(x))
log(x)
, (3.2)
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and let f # C(R+, R+) satisfy
lim sup
x  +
log( f (x))
log x
=$, p&1<$<+. (3.3)
Assume also that
$<
N( p&1)
N&p
if N>p, (3.4)
and no restriction if N=p. Then, if u is a positive solution to (P) defined in (0, r0),
r0>0, satisfying
lim
r  0+
u(r)
hC(r)
=0 for all C>0,
u is a regular solution to (P).
Remark 3.2. Note that condition (3.4) is an asymptotic Serrin type condi-
tion. Also, given +>0, there exists x0=x0(+)>0 such that
x p&+&1,(x) and ,&1(x)x1( p&+&1) for all xx0 , (3.5)
and from (3.3), by choosing + small enough we may assume
f(x)x$++ :=x$ , (3.6)
for all xx0 , with
$ <
N( p&+&1)
N&( p&+)
(3.7)
(even for the case N=p) and thus (3.1) holds.
We note that the following classification result follows immediately from
Theorems 2.1 and 3.1.
Theorem 3.2 (Classification Result). Let , and f satisfy the hypotheses of
Theorem 3.1 and let u be a positive solution to (P) defined in some right
neighborhood of zero. Then either u is a regular solution to (P) or u is a singular
solution of the fundamental type.
Proof of Theorem 3.1. Let +>0 be small. As we observed before,
N&( p&+)>0 and from (3.6) it follows that
f (x)A+x$ for all x0,
where A is a positive constant.
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Let u be a positive solution to (P) and suppose that (ii) in Theorem 2.1 is
satisfied. Clearly, (2.6) holds. Thus, for 0<=<1 there is an r0>0 such that
rN&1,( |u$(r)|=, for all rr0 .
Hence, by (3.5)
|u$(r)|,&1(=r1&N)
d1=1( p&+&1)r(1&N)( p&+&1), for all rr1r0 , (3.8)
and thus
lim
r  0+
r(N&1)( p&+&1) |u$(r)|=0.
By integrating (3.8), it is easy to see that
lim
r  0+
r(N&( p&+))( p&+&1)u(r)=0. (3.9)
Let us now integrate (P) from 0 to r # (0, r0), we obtain
rN&1,( |u$(r)| )
A
N
rN+|
r
0
sN&1(u(s))$ ds, (3.10)
and since by (3.9), r(N&( p&+))( p&+&1)u(r)<=, for all r # (0, r0) (making r0
smaller if necessary), we have
rN&1,( |u$(r)| )
A
N
rN+= |
r
0
sN&1&(N&( p&+))(( p&+&1)) $ ds.
Integrating this expression, we find that
|u$(r)|,&1 \AN r+C=r1&((N&( p&+))( p&+&1)) $ + . (3.11)
Thus, if 1&((N&( p&+))( p&+&1)) $0, it follows that u$(r)  0 as r  0,
and the solution is regular. So we assume 1&((N&( p&+))( p&+&1)) $<0.
Then by (3.11) and (3.5), we have that
|u$(r)|C=1( p&+&1)r(1(p&+&1))&(N&( p&+)( p&+&1)2) $ , (3.12)
which implies
lim
r  0+
|u$(r)|
r(1( p&+&1))&$ ((N&( p&+))( p&+&1)2)
=0. (3.13)
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Integrating (3.12) on (0, r0), we find
u(r)u(r0)+
=1
p1
(r p10 &r
p1).
where =1==1(=)  0 as =  0, and
p1 :=
p&+
p&+&1
&
N&( p&+)
( p&+&1)2
$ . (3.14)
Hence, if p10, we obtain that u(r) is bounded for r # (0, r0). Then by (3.10),
it follows that limr  0+ u$(r)=0, and the solution is regular. Thus we assume
that p1<0. By (3.13), we find
lim
r  0+
u(r)
r p1
=0. (3.15)
Substituting (3.15) in (3.10) we initiate the process, given by equations (3.10)
to (3.14), leading to the constant p1. We find correspondingly a constant p2
given by
p2 :=
p&+
p&+&1
+
$
p&+&1
p1 .
As before if p20 we find that the solution is regular and hence we assume that
p2<0 to obtain
lim
r  0+
u(r)
r p2
=0.
We generate in this form a sequence [ pn] of real numbers, where pn is given by
pn+1=
p&+
p&+&1
+
$
p&+&1
pn .
We claim that at some step, pn0, which implies that the solution has to be
regular. Suppose pn<0, for all n # N. Then it can be proved that
pn+1=\ $

p&+&1+
n+1
\N( p&+&1)&$
 (N&( p&+))
($ &( p&+&1))( p&+&1) +&
p&+
$ &( p&+)+1
.
Since $ <(N( p&+&1))(N&( p&+)), we conclude that
lim
n  
pn=+,
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a contradiction. Thus, at some step, say, pn00 and we conclude that u is
bounded and thus regular. K
Remark 3.3. We point out that our classification result is almost optimal
with respect to (3.1) in the case that
lim
s  +
log( f (s))
log s
=$, p&1<$<+.
Indeed, let +>0. Then, there exists s0=s0(+)>0 such that s$&+ f (s)s$++
for all ss0 , and hence, by Proposition 3.1,
|
R
0
sN&1h$&+1 (s) ds<+.
Thus, since the function h1 is decreasing, it follows that
|
r
0
sN&1h$&=1 (s) ds
rNh$&=1 (r)
N
.
Also, since
h1(r)|
2r
r
,&1(s1&N) dsr,&1(21&Nr1&N)
it follows that
lim
r  0
rN+$&+(,&1(21&Nr1&N))$&+=0.
We note that from (3.2) it also follows the existence of a sequence [xn], with
xn  + as n   such that
,(xn)x p++&1n for all n # N. (3.16)
Hence, defining [rn] by 21&Nr1&Nn =,(xn), where [xn] is the sequence given
in (3.16), we have that ,&1(21&Nr1&Nn )2
(1&N)( p++&1)r (1&N)( p++&1)n and
hence that
lim
n  
rN+$&+n r
(($&+)(1&N ))( p++&1)
n =0.
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Since this implies that for any +>0 small, N+(($&+)( p++&N ))
( p&+&1)>0, we obtain that
$
N( p&1)
N&p
and thus the necessary condition (3.1) is almost sufficient.
Remark 3.4. Let f (x)=x$ and set
$* :=sup {$>0 : |
R
0
sN&1h$1(s) ds<+.= .
Then, the same argument as in the preceding remark yields
$*=
N( p&1)
N&p
.
Clearly, when ,(x)=|x| p&2 x
|
R
0
sN&1h$1(s) ds=+ for $=$*,
and the same holds for the case of ,&1(x)=x1( p&1) log(1+x), x0. This
is not true in general as the example
,&1(x)=x1( p&1) |log x| (&2(N& p))(N( p&1))
for large x shows. (In this case, R0 s
N&1h (N( p&1))(N& p)1 (s) ds<+). It
would be interesting to know if in this case positive singular solutions to
(P) are necessarily of the fundamental type for $=$*.
4. EXISTENCE OF POSITIVE SINGULAR SOLUTIONS
In this section we consider the Dirichlet problem
(DR) {&div(A( |{u| ) {u)=f (u)u=0
in BR*
on BR ,
where BR*=BR(0)"[0] denotes the punctured ball of radius R>0 in RN.
We want to show that (DR) has radial singular solutions having the
behavior of Theorem 3.2. In radial coordinates this means to find positive
singular solution to the problem
43NONHOMOGENEOUS p-LAPLACIAN-LIKE EQUATIONS
File: DISTL2 339022 . By:AK . Date:08:04:98 . Time:08:31 LOP8M. V8.B. Page 01:01
Codes: 2417 Signs: 1453 . Length: 45 pic 0 pts, 190 mm
{&(r
N&1,(u$))$=rN&1f (u), r # (0, R),
u(R)=0,
(4.1)
where as always ,(x)=xA(x). Our result is the following.
Theorem 4.1. Let , be an odd increasing homeomorphism of R onto R
satisfying (A) and
1<1=lim inf
x  +
x,(x)
8(x)
. (4.2)
Let f # C(R+, R+) be increasing and such that
there exists ;>0 such that |
R
0
{N&1f (h; ({)) d{<; (4.3)
where h; is defined in (2.3). Then, problem (4.1) has at least one positive
singular solution of the fundamental type which satisfies (2.10).
Proof. Assume (4.3) is satisfied for some ;>0. It follows from the
general theory of ordinary differential equations, see for example [H], that
the initial value problem
{&(r
N&1,(u$))$=rN&1f (u)
u(R)=0, ,(u$(R))=&;
has a solution u defined at some left neighborhood (r1 , R) of R which is
positive in this interval. Also, in (r1 , R), u satisfies the integral equation
u(r)=|
R
r
,&1 \s1&N _;&|
R
s
{N&1f (u({)) d{&+ ds. (4.4)
The positiveness of u implies that u(r)h; (r), for all r # (r1 , R] and this
holds while the solution u remains positive. On the other hand we can see
that condition (4.3) implies that u has to be positive in its left maximal
interval of definition (contained in [0, R]). All this together implies that u
is defined in (0, R] and is positive there.
It only remains to prove that u is singular. Let us set 3 :=;&
R0 {
N&1f (h; ({)), then by (4.3) 3>0. Now from (4.4), and using the
generalized L’Ho^pital rule, we find that
lim inf
r  0+
u(r)
h; (r)
lim inf
r  0+
,&1(3r1&N)
,&1(;r1&N)
.
44 GARCI A-HUIDOBRO, MANA SEVICH, AND YARUR
File: DISTL2 339023 . By:AK . Date:08:04:98 . Time:08:31 LOP8M. V8.B. Page 01:01
Codes: 2066 Signs: 891 . Length: 45 pic 0 pts, 190 mm
Since , satisfies (4.2), we have that (2.18) holds, and thus by (2.19), and
since 8*(_x)_x,&1(_x), we find that
1
1*++
_1*++x,&1(x)8*(_x)_x,&1(_x),
implying that
1
1*
_1*&1lim inf
x  +
,&1(_x)
,&1(x)
for all 0<_<1.
Hence,
lim inf
r  0+
u(r)
h; (r)

1
1* \
3
;+
1*&1
>0,
and thus according to Theorem 2.1 there exists C>0 such that u satisfies
(2.10). K
Finally in this section we give a sufficient condition for (4.3) to hold
under an additional assumption concerning the behavior of , and f at zero.
Proposition 4.1. Let , be an odd increasing homeomorphism of R onto
R satisfying
|

r
,&1(Ct1&N) dt<+ for each r>0 and all C>0, (A0)
and let f # C(R+, R+) be non decreasing and satisfy
lim sup
x  0+
xf (x)
F (x)
:=K<+, ( f0).
Assume also that
|
R
0
sN&1f (h :(s)) ds<+ for some :>0, (4.5)
where now h C (r) :=r ,
&1(Ct1&N) dt, C>0. Then, a sufficient condition so
that (4.3) holds is that
lim
=  0
f (=h 1(R=))
=N&1
=0. (4.6)
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Proof. Indeed, for , satisfying (A0) and h C just defined, it can be easily
shown that (2.4) improves to
h ; (r)#;1(N&1)h 1(;&1(N&1)r) for all r>0 and all ;>0,
and thus by (4.5) we have that there exist ;0 # (0, 1) and K0>0 such that
|
R
0
{N&1f (h ; ({)) d{
=|
R
0
{N&1f (;1(N&1)h 1(;&1(N&1){)) d{K0 for all ;;0 .
Let us set ==;1(N&1), {==s. Then,
|
R
0
{N&1f (;1(N&1)h 1(;&1(N&1){)) d{==N |
R=
0
sN&1f (=h 1(s)) ds.
We will show next that
lim
=  0+
= |
R=
0
sN&1f (=h 1(s)) ds=0. (4.7)
Indeed, let us write
= |
R=
0
sN&1f (=h 1(s)) ds== |
R
0
sN&1f (=h 1(s)) ds+= |
R=
R
sN&1f (=h 1(s)) ds,
and consider first the term containing the integral over (0, R). Making the
change of variable =0s={ where =0=;1(N&1)0 , and using that f is non
decreasing we have
= |
R
0
sN&1f (=h 1(s)) ds==&N0 |
R
0
{N&1f (=0 h 1({=0)) d{,
and thus we conclude
lim sup
=  0
= |
R
0
sN&1f (=h 1(s)) dslim sup
=  0
==&N0 K0=0. (4.8)
We estimate now the term containing the integral over (R, R=). By ( f0),
there exists x1>0 such that
f (x)2K
F (x)
x
for all xx1 ,
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and thus, for =<x1 h 1(R) we have that
= |
R=
R
sN&1f (=h 1(s)) ds2K= |
R=
R
sN&1g(=h 1(s)) ds, (4.9)
where g(x) :=F (x)x. Clearly, g is a differentiable and non decreasing func-
tion which satisfies g(x) f (x) for all x0. Then, by the generalized
L’Ho^pital’s rule we have
lim sup
=  0
= |
R=
R
sN&1g(=h 1(s)) ds
=lim sup
=  0
|
R=
R
sN&1g(=h 1(s)) ds
1=
lim sup
=  0
\R= +
N&1
g(=h 1(R=))
&R
=2
+|
R=
R
sN&1
d
d=
g(=h 1(s)) ds
&1
=2
RN lim sup
=  0
g(=h 1(R=))
=N&1
RN lim sup
=  0
f (=h 1(R=))
=N&1
=0, (4.10)
and hence from (4.8) and (4.10), we have that (4.7) follows. Thus, choosing
=1>0 small enough to have
=1 |
R=1
0
sN&1f (=1 h 1(s)) ds<1
we obtain that for ;==N&11 , h ; satisfies
;&|
R
0
{N&1f (h ; ({)) d{>0.
Finally, observing that hC (r)h C (r) for all C>0 and all r # (0, R) we con-
clude that (4.3) holds. K
Remark 4.1. We note that in the case of ,(x)=|x| p&2 x and f (x)=x$,
condition (4.6) reads
$>p&1,
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which together with condition (4.5) gives conditions (3.3) and (3.4) of
Theorem 3.1.
5. EXAMPLES
It is the purpose of this section to give some explicit examples to which
our theorems on singular solutions to problem (P) apply. Throughout this
section and as in previous ones we will set 1=lim infx  + x,(x)8(x).
It follows then that for +>0 small enough there is an x0 :=x0(+)>0,
such that
0<1&+
x,(x)
8(x)
, for all xx0 .
Taking logarithm we find that
log(1&+)
log x
+
log(8(x))
log x
1+
log(,(x))
log x
,
and by letting x  +, we obtain
lim inf
x  +
log(8(x))
log x
1+lim inf
x  +
log (,(x))
log x
.
Then an application of the generalized L’Ho^pital’s rule yields
1lim inf
x  +
log(8(x))
log x
1+lim inf
x  +
log(,(x))
log x
.
In fact, using that 8(x)(x2) ,(x2) it can be proven that
lim inf
x  +
log(8(x))
log x
=1+lim inf
x  +
log(,(x))
log x
.
Thus setting
p&1 :=lim inf
x  +
log(,(x))
log x
, (5.1)
we have that
1p.
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Next we will construct some examples of functions , to which our
theorems apply. The checking of the validity of the assumptions in each
theorem for an appropriate continuous function f is left to the reader.
We begin our examples by recalling a definition from [GMU]. We will
say that an odd increasing homeomorphism , of R onto R is asymptotically
homogeneous if there exists a p>1 such that
lim
x  +
,(_x)
,(x)
=_ p&1 for all _>0. (5.2)
Functions satisfying (5.2) (also known as regularly varying functions) are
used in connection with problems in Applied Probability, see [S, R], and
the references therein. We remark that such functions do not need to be
asymptotic to any power as the example ,(x)=|x| p&2 x log(1+|x| )
shows.
It can be verified that a homeomorphism , satisfies (5.2) if and only if
the limit limx  + x,(x)8(x) exists and it is strictly greater than one.
Thus, if , satisfies (5.2), it follows that 1= p. We point out here that for
the class of asymptotically homogeneous functions existence of a positive
regular solution to problem (P) for a superlinear case was proved in
[GMU] using a variation of a blow up method introduced by Gidas and
Spruck, see [GS].
We continue by showing an example of a function , which satisfies con-
ditions (1.1) and (1.2) and for which 1<p. Let , be defined by
,(x)=|x| p&2 x(sin(log(1+|x| ))+Q), with ( p&1)(Q&1)>1, p>1.
It can be easily seen that there exist positive constants C1 and C2 such that
C1x p&1,(x)C2x p&1 for large x,
and hence that limx  + (log ,(x)log (x))= p&1. This example was con-
sidered in [GMS], from that paper and [Ad], it can be shown that 8 and
8* satisfy a 22 condition near infinity. Thus conditions (1.1) and (1.3) are
satisfied. Set # :=lim supx  + (x,(x)8(x)). Since this function , is
clearly not asymptotically homogeneous, we must have that either 1<p or
#>p. In the first case we are done with our example, and in the second
case we just take the function ,&1 to play the role of ,.
In our next example we will construct an odd increasing homeomor-
phism , of R onto R which satisfies
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1<1=lim inf
x  +
x,(x)
8(x)
1+lim inf
x  +
log ,(x)
log (x)
=p<q=1+lim sup
x  +
log ,(x)
log(x)
. (5.3)
We observe that in the previous examples it holds that p=q and #<+.
Let us consider the functions ,p and ,q , where ,l (x)=|x| l&2 x, l= p, q,
2<p<q, and suppose that , is an odd increasing homeomorphism of R
onto R which is convex for x0. Assume that ,=,p in the interval
[&1, 1] and that , is such that ,p(x),(x),q(x) for all x>1. Suppose
furthermore that there are sequences [sn], [tn], sn  +, tn  +, such
that ,(sn)=s p&1n , ,(tn)=t
q&1
n . Then it follows that
p&1=lim inf
x  +
log ,(x)
log(x)
and lim sup
x  +
log ,(x)
log(x)
=q&1.
On the other hand the convexity of , implies that for any x>0 it holds
that (8(x)x,(x)) 12 and hence that 12. Thus it is clear that (5.3) holds.
An example of a function , satisfying the above conditions can be
geometrically constructed in the following manner. Let s11. We define
sequences [sn] and [tn] recursively as follows. From the point (sn , s p&1n ),
let us draw the tangent line to the curve (x, ,q(x)), x>0. Let us call sn+1
the abscissa of the intersection point of this tangent line with the curve
(x, ,p(x)), and tn the abscissa of its tangency point on (x, ,q(x)), x>0.
Clearly sn<tn<sn+1 for all n # N, and sn  + with n. Then define , by
,(x)=,p(x) for x # [0, s1] and for x>s1 , x # (sn , sn+1], let (x, ,(x)) be
the corresponding tangent line defined above, and extend , in an odd form
to the negative axis. Clearly this odd increasing homeomorphism , satisfies
(5.3).
We note that this last example can be easily modified so that the odd
increasing homeomorphism , satisfies
1<1=lim inf
x  +
x,(x)
8(x)
p=1+lim inf
x  +
log ,(x)
log(x)
and lim sup
x  +
log ,(x)
log(x)
=+. (5.4)
Indeed let [qn] be an increasing sequence of positive real numbers with
q1>p (,p as before) and consider the functions ,qn . Then modify the defini-
tion of the previous function , as follows. Change the tangent line to
be now the tangent line from (sn , s p&1n ) to (x, ,qn(x)), x>0 and call tn
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the abscissa of the tangency point on the curve (x, ,qn(x)), and sn+1 the
abscissa of its intersection point with (x, ,p(x)). Define then , as in the
previous case. We now have that log ,(tn)log tn=qn and hence that
lim supx  + log ,(x)log x=+ and therefore (5.4) holds.
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